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Motivation & Physical System

Periodic Boundary Conditions

|ψ(r1 + Lx̂, r2, . . . , rN)|2 = |ψ(r1, r2, . . . , rN)|2

by Nawar Ismail

k =
2π

L
(nx, ny, nz)
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BCS Theory and The Gap Equations

We describe the system with the Hamiltonian:

Ĥ =
∑
kσ

εkĉ
†
kσ ĉkσ +

∑
kl

Vklĉ
†
k↑ĉ
†
−k↓ĉ−l↓ĉl↑

where:

εk =
~2

2mn

|k|2
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The Potential

The Modified Poschl-Teller Potential:

V (r) = −λ(λ− 1)
~2

mn

q2

cosh2(qr)

Purely Attractive

Finite Range
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BCS Theory and The Gap Equations

The BCS ground state is

|ψφ〉 =
∏
k

(uk + eiφvkĉ
†
k↑ĉ
†
−k↓) |0〉

where uk and vk minimize the Free Energy:

F = 〈ψ| (Ĥ − µN̂) |ψ〉
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BCS Theory and The Gap Equations

Gap Distribution

The Gap equations are:

∆(k) = −1

2

∑
k′

Vkk′
∆(k′)√

ξ2(k′) + ∆2(k′)

〈N〉 =
∑
k′

(
1− ξ(k′)√

ξ2(k′) + ∆2(k′)

)

Average Particle Number (Fixed)

Chemical Potential

where:
ξ(k) =

~2

2mn

|k|2 − µ
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The solution of the BCS Gap Equations -

∆(k) vs k for different 〈N〉

0 5 10 15 20 25 30 35
k / [2π/L]

0

0.5

1
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2.5

∆(
k

) 
[M

e
V

]

<N> = 66
<N> = 110
<N> = 200
<N> = 340
<N> = 500

The Gap distribution as a function of k for different
average particle numbers 〈N〉
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The solution of the BCS Gap Equations

u2k =
1

2

(
1 +

ξ(k)√
ξ2(k) + ∆2(k)

)

v2k =
1

2

(
1− ξ(k)√

ξ2(k) + ∆2(k)

)

where:

v2k + u2k = 1
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The solution of the BCS Gap Equations -

Excitation Energy and the Gap

Within BCS we define:

∆ = minkEq(k)

where Eq(k) =

√
(

~
2mn

|k|2 − µ)2 + ∆2(k)

Alternative definition inspired by the odd-even
staggering (OES) in nuclear physics:

∆(N) =E(N + 1)− 1

2
[E(N) + E(N + 2)]

for Even N
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The solution of the BCS Gap Equations -

∆ vs 〈N〉

0 50 100 150 200 250 300
<N>

1.8

2

2.2

2.4

2.6

2.8

∆ 
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e
V

]

2.17

min
k
E

k

TL

The Gap as a function of the average particle number.
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The solution of the BCS Gap Equations

∆(N) =E(N + 1)− 1

2
[E(N) + E(N + 2)]

|ψφ〉 =
∏
k

(uk + eiφvkĉ
†
k↑ĉ
†
−k↓) |0〉

(even systems)∣∣∣ψbγ
φ

〉
= ĉ†bγ

∏
k 6=b

(uk + eiφvkĉ
†
k↑ĉ
†
−k↓) |0〉

(odd systems)

BCS is formulated in a Grand Canonical Ensemble.
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PBCS - the Projected States

Restoring the conservation:

|ψN〉 =

∫ 2π

0

dφ

2π
e−i

N
2
φ
∏
k

(uk + eiφvkĉ
†
k↑ĉ
†
−k↓) |0〉

(even systems)∣∣∣ψbγ
N+1

〉
=

∫ 2π

0

dφ

2π
e−i

N
2
φĉ†bγ

∏
k 6=b

(uk + eiφvkĉ
†
k↑ĉ
†
−k↓) |0〉

(odd systems)

This is the ground state of the PBCS Theory.
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PBCS - the Projected Energy

The energy of the projected states is:

EN =2
∑
k

εkv
2
k

R1
1(k)

R0
0

+
∑
kl

Vklukvkulvl
R2

1(kl)

R0
0

,

EN+1 =2
∑
k

εkv
2
k

R2
1(bk)

R1
0(b)

+

+
∑
kl

Vklukvkulvl
R3

1(bkl)

R1
0(b)

+
~2

2mn

|b|2 .
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The Gap beyond mean-field

BCS definition: mean-field

∆ = minkEq(k)

OES definition: beyond mean-field

∆(N) =E(N + 1)− 1

2
[E(N) + E(N + 2)]

for Even N
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∆ vsN in BCS & the OES
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OES in PBCS
TL

The Gap in BCS and the OES at kFa = −10.
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v(k)2 vs k for different 〈N〉
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the occcupation probabilities of BCS

The pair occupation probability as a function of k for
different average particle numbers
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Thermodynamic Limit (TL)

In the Thermodynamic Limit:

∆(k) = − 1

π

∫ ∞
0

dk′ (k′)2V0(k, k
′)

∆(k′)√
ξ2(k′) + ∆2(k′)

n =
1

2π2

∫ ∞
0

dk′ (k′)2

(
1− ξ(k′)√

ξ2(k′) + ∆2(k′)

)

where n =
k3F
3π2

is the number density.
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BCS & PBCS - E/N vsN
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The energy per particle in BCS and PBCS scaled by the
energy per particle of the free Fermi gas.
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The Final Step: Twist-Average the results:∫ π

−π

dθ

(2π)3

(
∆θ = Eθ(N + 1)− 1

2
[Eθ(N) + Eθ(N + 2)]

)
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〈
Â
〉

= (2π)−d
∫ π

−π
dθ 〈ψ(R,θ| Â |ψ(R,θ〉

Lin C. et al, Twist-averaged Boundary Conditions in
Continuum Quantum Monte Carlo
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ψ(r1 + Lx̂, r2, . . . , rN) =

eiθx ψ(r1, r2, . . . , rN)
by Nawar Ismail

Twist

kn =
2π

L
(nx, ny, nz) +

θ

L
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Figure: Gezerlis A. : Microscopic Simulations of Strongly
Paired Systems

∆ = E(N + 1)− 1

2
[E(N) + E(N + 2)]
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The solution of these equations is found through an
iterative scheme:

∆(0)(k) = 1 & initial guess for µch

∆(1)(k) =

−2π

L3

∑
p

M(p)V0(k, p)
∆(0)(p)√

ξ2(p) + (∆(0))2(p)

∆(2)(k) =

−2π

L3

∑
p

M(p)V0(k, p)
∆(1)(p)√

ξ2(p) + (∆(1))2(p)

...etc...
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The solution of the BCS Gap Equations -

v(k)2 vs k for different 〈N〉
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The pair occupation probability as a function of k for
different average particle numbers. Circled are the values
of k where E(k) is minimum.
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The solution of the BCS Gap

Equations-Excitation Energy and the Gap
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Excitation Energy in BCS in a Box (at <N> = 66)

2.169

0 2 4 6

(k / [2π/L])
2

0

2

4

6

8

10

E
(k

) 
[M

eV
]

∆

The excitation energy as a function of k2. The minimum
of the excitation energy is the Gap.
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PBCS - The Projected Energy

The Residuum Integrals:

RN
n (k1k2 . . .kN)(M) =

=

∫ 2π

0

dφ

2π
e−iMφeinφ

∏
k 6=k1,k2,...,kN

(u2k + eiφv2k)

where M =
N

2
.
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