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Motivation

Form Factor

Transition form factor of hydrogen like atoms have a wide
variety of applications such as in situations involving the
Coulomb bound states of two elementary particles.
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Calculation

Definition of Form Factor

The calculation of transition probability of bound pion to
bound muon decay requires computation of discrete-discrete
atomic form factors, which is just the Fourier transform of

f,z,zmz(?)gonl,lml(?) with respect to transferred momentum
q [2]-

Freem () = / T s VLT
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Calculation

Definition of Form Factor

The calculation of transition probability of bound pion to

bound muon decay requires computation of discrete-discrete
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Calculation

Definition of Form Factor

The calculation of transition probability of bound pion to
bound muon decay requires computation of discrete-discrete
atomic form factors, which is just the Fourier transform of

f,z,zmz(?)gonl,lml(?) with respect to transferred momentum
q [2]-

Freem () = / T s VLT

Prrhm (?) = Rn1/1 (?) Y/1m1 (Q)

° Rn1,1(7) and Y}, () are the radial part and angular
part of hydrogen like wave function and
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Calculation

Radial Wave Function

2 (n—1=1)" _. r2r\' .. [2r
Rt = 3\ et © <na> b (na>
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Calculation

Radial Wave Function

2 (n—1=1)" _. r2r\' .. [2r
Rt = 3\ et © <na> b (na>

@ n, | are quantum numbers.
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Calculation

Radial Wave Function

2 (n—1=1)" _. r2r\' .. [2r
Rt = 3\ et © <na> b (na>

@ n, | are quantum numbers.

1
mass’

@ Bohr radius a
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Calculation

Radial Wave Function

R, — 2 (n—/—1)!e - <2r> L2,+11(2r>

a3/2n? (n+1)! na) "'t \na

@ n, | are quantum numbers.

@ Bohr radius a

mass’

@ L is the associated Laguerre polynomials.
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Calculation

Plane Wave Expansion

00 /
T = 4y > ii(ar)Yim(Qq) Yin(2))
=0 m——1

Plugging the plane wave expansion in

Freme (4) = / A7 Ry (7)Y (€7 Ryt (7) Yioms ()

Foiim = 47TZ Z 2den2/2( )Ryt (1)) Yien(Q) 72"

=0 m=—1/
where [ = [dQY}, (Q) Y (Q)Yim (Q)
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Calculation

Angular Integral

I7h™™ can be expressed in terms of Wigner's 3j-symbols [3]

Jmimem (_1)m2+m (2/1 + 1)(2/2 + 1)(2/ + 1) ll /2 /
hel = in 000
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Calculation

Radial Integral

Using the radial wave function the form factor becomes

422thtbil | (py — = 1)1 | (ny — b — 1)

mbhmy __ Y, (Q )
mhm T 3/2 3/2 Im\3tq
e 1/ a2/ n1n2 (’71+/1)! (n2 + k)!
/1 2
r r r
1mam - 2h+1
l,1,2, E E r’dre” am <) Lm_,l_1 ()
1=0 m=—1 a1 d1m

/2 2

__r r r

ilar)e = () e ()
da o ax Ny

The integral involves the product of Bessel function and
associated Laguerre polynomials.

Nuzhat Anjum, An Implementation of Atomic Form Factors



Calculation

Result of the Integral

The integral is calculated using mathematical result involving
the product of Bessel function and associated Laguerre
polynomials [1]

[ & x50 =
0

(=) T(n+a+1)Mv+y+k+1)
= kKIT(n — k + 1) (a4 k + 1)2/T (v 4 1)ovrktl

v+y+k+1l v+y+k+2 2
Xzﬂ( 72 ; 72 ;1+w—é>
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Calculation

Result of the Integral

The integral is calculated using mathematical result involving
the product of Bessel function and associated Laguerre
polynomials [1]

/e_(sx./ pux )X L (Bx)dx =
>

(
(=B u'T(h+a+ DMy +v+k+1)
IT(n—k+ DM+ k +1)2"T (v 4 1)dv+rtktt

<V+7+k+ly+7+k+2 uv
Xo Fy ;

l+vi——
2 ’ 2 2
@ > F; is Gauss hypergeometric
: m (=) k
function.L™(x) = (n + m)' k=0 T o m X



Calculation

Final Formula for Form Factor

malams (=1)matma2tlitlz 5 T \/(2[1 +1)(2l + 1) (ny + 1) (n2 + 12)!(n1 — 11 — 1)!
= mo4/
2q

l : — 1y —
nilimy s 3/2+12’ okl 24l (ng— 1l —1)!
—= Il] YIVZ
ay

’gf d@+D) (b b LY (b b
2T (v +1) 0o 0 0 my —mo —m
I=|l1—l2|

na—ly—1 (=2)

pars (ﬂiﬂ)kkMQQﬁ-k+lﬂ

i (=BT (w4~ +k +1)
= Rl (n =k + D (o + kg + 1)ov+ythitl
=

v+ k41 Ytk + 2 2
XZFl(u+,+ 1+l vtyth+2, q)

2 : 2 ST TR
with
3 ns22 +n
N=h Al kot T
2 aning
1 2
=1+ g=—
v +2 ny
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Conclusion

Testing and Implementation
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Conclusion

Testing and Implementation

@ The numerical integration agrees with the form factor
formula.
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Conclusion

Testing and Implementation

@ The numerical integration agrees with the form factor
formula.

@ This formula can be used in any standard computer
language.
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Conclusion

Testing and Implementation

@ The numerical integration agrees with the form factor
formula.

@ This formula can be used in any standard computer
language.

@ A Julia package is created by using this formula.
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Conclusion

[llustration

The following figure is for Fi%)(q), we can see that the

discrete-discrete atomic form factors evaluated at zero

transferred momentum should be 0 or 1.
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