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Outline
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I.  What is IMSRG? 
II.  Why continuum?

III. How to include continuum into IMSRG 

IV. Summary

    
resonance 
halo
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Workflow of ab-initio nuclear calculation
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Currents, 0νββ, 
dark matter, …

SM/BSM

QCD+

Electroweak

Describe

/predict

experimental

data

•Reproduce the 

!! scattering 

data

•Reproduce few-

body properties 

•Deal with the 

strong short-

range 

correlations

•Speed up the 

convergence

Ab-initio 
many-body 

theory

Update

Realistic 

nuclear force

(NN+NNN )

SRG, "#$%&', 

OLS, UCOM, 

G-matrix

Renormalization 

scheme

•From the 

beginning

•Without any 

additional 

parameters or 

uncontrolled 

approximations

NCSM, GFMC,

SCGF, CC,

IM-SRG, MBPT,

...

Chiral EFT, 

CD-Bonn, 

Nijmegen,

AV18, ...
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dH(s)
ds

= [η(s), H(s)]
O(s) = U(s)OU†(s)H(s) = U(s)H(0)U†(s)

η(s) =
dU(s)

s
U†(s) = − η†(s)U(s) ⋅ U†(s) = U(s) ⋅ U−1(s) = 1

Similarity Renormalization Group

drive the Hamiltonian towards a band- or block-diagonal form via 
continuous unitary transformation 

Developed by Glazek and Wilson and by Wegner around in 1993 

Soften nucleon-nucleon interaction from 2007 

In-medium SRG as a nuclear many-body method 

S. D. Glazek and K. G. Wilson, Phys. Rev. D 48, 5863 (1993)
F. Wegner, Ann. Phys. (Leipzig) 3, 77 (1994)

S.K. Bogner, R.J. Furnstahl, R.J. Perry, Phys. Rev. C 75, 061001 (2007)
H. Hergert and R. Roth, Phys. Rev. C 75, 051001(R) (2007)

Tsukiyama, S. K. Bogner, and A. Schwenk, PRL106, 222502 (2011); PRC85, 061304(R) (2012)
H. Hergert, et al., PRL110, 242501 (2013) 
S.R. Stroberg, et al., Phys. Rev. Lett. 118, 032502 (2017)
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SRG: soften nuclear interaction

dH(s)
ds

= [η(s), H(s)]

η(s) = [Trel, H(s)]H(s = 0) = Trel + V

dH(s)
ds

= [[Trel, H(s)], H(s)]

dVs (k, k′ )
ds

= − (k2 − k′ 2)2 Vs (k, k′ )
E. D. Jurgenson, P. Navrátil, and R. J. Furnstahl, 
PRL103, 082501 (2009)+

2
π ∫

∞

0
q2dq (k2 + k′ 2 − 2q2) Vs(k, q)Vs (q, k′ )
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In-Medium SRG (IM-SRG)

H = E0 + ∑
ij

fij{a†
i aj} +

1
4 ∑

ijkl

Γijkl{a†
i a†

j alak} +
1

36 ∑
ijklmn

Wijklmn{a†
i a†

j a†
k anamal}

H is normal ordered with a finite-density reference state: 

Generator: 
             e.g., η(s) ≡ ∑

ph

fph(s)
Δph(s)

{a†
pah} + ∑

pp′ hh′ 

Γpp′ hh′ 
(s)

Δpp′ hh′ (s)
{a†

pa†
p′ 

ah′ 
ah} − H . c . c

!

q
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Ab initio results for 208Pb region
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2021

H. Hergert, Front. Phys. 8 (2020) 379 

Precision of different methods: 1~2%

Chiral  NN + 3N

208Pb
New 3N storage scheme


IMSRG, CC

History matching

Emulator technology


Statistical tools
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Ab initio calculation of 208Pb
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MBPT, 1.8/2.0 (EM), ħ𝝎=12 MeV

Previous limit

T Miyagi, et al., PRC105 (2022) 014302

Image courtesy of T Miyagi

BS Hu, WG Jiang, T Miyagi, ZH Sun, et al., Nat. Phys. (2022), in press. 
arXiv:2112.01125v1 (2021)

a b c



Baishan Hu - TRIUMF (2022/8/9) 9

Nucleus as an open quantum system

N. Michel et al., JPG: NPP36 (2009) 013101

• Bound, resonant and scattering states 
may be strongly coupled 

• Need ab initio nuclear theory including 
the continuum
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Nucleus as an open quantum system
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BSHu, Q. Wu, et al., PLB 802 (2020) 135206; arXiv:2001.02832

Why consider the continuum effect？

MBPT 
(EKK) 
NNLOopt
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Resonances

Time-independent: 

iℏ ∂
∂t |ψ⟩ = H |ψ⟩

H |ψ⟩ = E |ψ⟩ ψ(t, r) = exp (− iE
ℏ t) ψ(0,r)

|ψ(t, r) |2 = exp (−
iE0

ℏ
t) exp (−

Γ
2ℏ

t) ψ(0,r)
2

= exp (−
Γ
ℏ

t) |ψ(0,r) |2

E = E0 − i Γ
2

Complex energy:

probability at r is unchanged over time

Describe a resonance decaying exponentially 
with half-life t1/2=ħln2/𝛤

From Wikipedia
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Gamow-Berggren basis 
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Φ(e, r) =
γ/2

π [(e − e0)2 + (γ/2)2]
Ψ(r)

Φ(t, r) = Ψ(r)e−iẽt/ℏ ẽn =
ℏ2k2

n

2m
= en − i

γn

2
t1/2 =

ℏln2
γ

Orthogonality and completeness: δ (r − r′ ) = ∑
n

un( ẽn , r)un ( ẽn , r′ ) + ∫L+

dẽu(ẽ, r)u (ẽ, r′ )

The wave function of a resonance with 
a peak at energy e0 and a width γ 

Berggren basis in complex-k plane, describing bound, resonance and scattering on equal footing  
T. Berggren, Nucl. Phys. A109 (1968) 265

bound, resonance scattering (discretized)

Gamow state: complex energy
G. Gamow, Z. Phys.51 (1928) 204

Through Fourier transformation, we 
obtain time evolution of the resonance

capturing states decaying states
bound states

antibound states

L+ contour
Re(k)

Im(k)

narrow resonance
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Gamow Hartree-Fock 
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exterior complex scaling

Step❶: Solve the HF equations in HO representation  

Step❷: Extract the non-local HF potential ʋ(r,r’) 

G. Gamow, Z. Phys.51 (1928) 204

Step❸: Obtain the radial wave function u(r)/r in complex-k plane 

Hint =
A

∑
i=1

(1 −
1
A ) ⃗p 2

i

2m
+

A

∑
i<j (VNN,ij −

⃗p i ⋅ ⃗p j

mA ) +
A

∑
i<j<k

VNNN,ijk

hHF
ij = ⟨i | t | j⟩ + ⟨i |v | j⟩ = ⟨i | t | j⟩ +

A

∑
k=1

⟨ik |V | jk⟩

u′ ′ (r) = [ l(l + 1)
r2

+ v(loc)(r) − k2] u(r) + ∫
+∞

0
v(non−loc) (r, r′ ) u (r′ ) dr′ 

ẽn =
ℏ2k2

n

2m
= en − i

γn

2

{
u(ẽ, r) ∼ C0rl+1 r → 0
u(ẽ, r) ∼ C+H+

lη(kr) + C−H−
lη(kr) r → + ∞ ∫

+∞

0
u(ẽ, r)2dr = ∫

R

0
u(ẽ, r)2dr + (C+)2 ∫

+∞

R
H+

lη(kr)2dr

= ∫
R

0
u(ẽ, r)2dr + (C+)2 ∫

+∞

0
H+

lη (kR + kxeiθ)2 eiθdx
un (ẽn, r) ∼ Ol (knr) ∼ eiknr

Resonance: 
outgoing
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Results of GHF 
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MeVsp energies

sp resonance
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NCSMC, SS-HORSE 
complex CC 
GFMC 
??? 

NCSM 
CC                                  
GFMC 
IM-SRG

Included continuum coupling
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IM-SRG with resonance and continuum
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Include continuum degree of freedom into IM-SRG via 
Gamow-Berggren ensemble (Gamow Hartree-Fock) 

Extend the continuous unitary transformation (Hermitian) to 
the orthogonal transformation (complex symmetric) 

Describe bound, resonance and continuum states in a unified 
framework 

Combine with resonating group method (RGM) for nuclear 
reactions
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IMSRG framework
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dH(s)
ds

= [η(s), H(s)]

H(s) = U(s)HU−1(s)

U(s) = eΩ(s)

dΩ(s)
ds

= η(s) +
1
2

[Ω(s), η(s)] +
1
12

[Ω(s), [Ω(s), η(s)]] + ⋯

H(s) = eΩ(s)He−Ω(s) = H + [Ω(s), H] +
1
2

[Ω(s), [Ω(s), H]] + ⋯

O(s) = eΩ(s)Oe−Ω(s) = O + [Ω(s), O] +
1
2

[Ω(s), [Ω(s), O]] + ⋯

O(s) = U(s)OU−1(s)

e.g., White generator 𝞰:Magnus expansion:
T.D. Morris, N.M. Parzuchowski, and S.K. Bogner, PRC92 (2015) 034331

⟨a |H |b⟩ = ⟨b |H |a⟩*
H(s) = U(s)H(0)U†(s)

U(s) ⋅ U†(s) = U(s) ⋅ U−1(s) = 1

η(s) =
dU(s)

s
U†(s) = − η†(s)

IMSRG 
Hermitian (HO/HF basis)

⟨α̃ |H |β⟩ = ⟨β̃ |H |α⟩* = ⟨β |H | α̃⟩
H(s) = U(s)H(0)UT(s)

U(s) ⋅ UT(s) = U(s) ⋅ U−1(s) = 1

η(s) =
dU(s)

s
UT(s) = − ηT(s)

Gamow IMSRG 
Complex symmetric (Berggren basis)

η12 =
f12

f11 − f22 + Γ1212

η1234 =
Γ1234

f11 + f22 − f33 − f44 + A1234

A1234 = Γ1212 + Γ3434 − Γ1313 − Γ2424
−Γ1414 − Γ2323

Perform all calculations at two-body level — IMSRG(2)
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c

!

q

Hod ≡ ⟨v |H |c⟩ + ⟨q |H |c⟩ + ⟨q |H |v⟩
+⟨vv |H |cc⟩ + ⟨qv |H |cc⟩ + ⟨qq |H |cc⟩
+⟨vv |H |vc⟩ + ⟨qv |H |vc⟩ + ⟨qq |H |vc⟩
+⟨qv |H |vv⟩ + ⟨qq |H |vv⟩

VS-IMSRG
shell-model effective interaction

H = E0 + ∑
ij

fij {a†
i aj} +

1
4 ∑

ijkl

Γijkl {a†
i a†

j alak} +
1

36 ∑
ijk

lmn

Wijklmn {a†
i a†

j a†
k anamal}

Hod ≡ ⟨v |H |c⟩ + ⟨q |H |c⟩
+⟨vv |H |cc⟩ + ⟨qv |H |cc⟩
+⟨qq |H |cc⟩

EOM-IMSRG
closed-shell nuclei
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Difficulties caused by continuum states
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s1/2 , d3/2
channel

Continua

2s1/2, 3s1/2 …
1d3/2, 2d3/2 …

Q
-s

pa
ce

0s1/2

0p3/2

0p1/2

1s1/2

0d3/2

2

0d5/2

1s1/2

0d3/2

8

1p1/2
1p3/2

0f7/2

0f5/2

1d5/2

……

40

20

14

Neutron

Resonance

22O core

Va
le

nc
e

C
or

e

IMSRG(3) or …

S.R. White, J. Chem. Phys. 117 (2002) 7472

< v | Hd | v > close to < q | Hd | q > : generates 
high-order terms in the transformation of H 

⟨v ηWhite q⟩ =
⟨v |Hod |q⟩

⟨v |Hd |v⟩ − ⟨q |Hd |q⟩

H(s) = eη(s)He−η(s) = H + [η(s), H] +
1
2

[η(s), [η(s), H]] + ⋯

< vv | Hod | vq > !!! 
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Similar to many-multi-shells effective interaction
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Use Okubo-Lee-Suzuki to decouple 
vv from vq

⟨v ηWhite q⟩ =
⟨v |Hod |q⟩

⟨v |Hd |v⟩ − ⟨q |Hd |q⟩

⟨v ηWhite q⟩ =
⟨v |Hod |q⟩

⟨v |Hd |v⟩ − ⟨q |Hd |q⟩ + Δ

Figure credit: T. Miyagi

ω = QωP ⟨αQ |ω |αP⟩ = ∑
k∈κ

⟨αQ |k⟩⟨k̃ |αP⟩

H̄eff = [P(1 + ωTω)P]−1/2(P + PωTQ)H(P + QωP)[P(1 + ωTω)P]−1/2

❶ ❷

Okubo-Lee-Suzuki
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VS-IMSRG with OLS

21

Using ensemble normal ordering (ENO) 
Without continuumEM1.8/2.0(NN + 3N), emax = 12, e3max = 16, ℏω = 16 MeV

BS Hu, et al., In preparation (2022)
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Gamow EOM-IMSRG results
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Convergence against different contour 
and discretization number Center-of-mass spurious excitation

BSHu, Q. Wu, et al., PRC 99 (2019) 061302(R); arXiv:1906.10539
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EOM-IMSRG for Borromean 22C
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NNLOsat R-IMSRG G-IMSRG 
cont. s, d waves

Expt. 
Estimated

matter 
radius (fm) 2.98 3.14 3.44 ± 0. 08❶

3.38 ± 0.10❷

❶: Y. Togano et al., PLB761 (2016) 412 ❷: T. Nagahisa and W. Horiuchi, 
PRC97 (2018) 054614

BSHu, Q. Wu, et al., PRC 99 (2019) 061302(R); arXiv:1906.10539
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Benchmark with NCSMC
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preliminary

N4LO(500), λSRG = 2.4 fm−1, ℏΩ = 20 MeV

M. Vorabbi, A. Calci, P. Navrátil, et al., PRC97, 034314 (2018)

Core: 4He
Valence space: neutron p1/2, p3/2 resonances and 
s1/2, p1/2, p3/2, d5/2 continua
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N=20 isotones
48Ni (Z=28, N=20) ???

Figure from: R. Taniuchi, et al, Nature 569 (2019) 53

J. Holt, J. Menéndez and A. Schwenk, PRL110 (2013) 022502

MBPT (NN+3NF)

J. Holt, et al, JPG:NPP 40 (2013) 075105

Ca

N=20 isotones: proton rich
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Gamow VS-IMSRG results

BS Hu, et al., In preparation (2022)
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Gamow VS-IMSRG results

1.8/2.0(EM) preliminary
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Summary
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Gamow HF (Berggren)

VS-IMSRG with OLSEOM-IMSRG

Gamow IMSRG
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Merci  
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