
TRISEP Tutorial 2
(Dated: July 23, 2019)

I. NEUTRAL CURRENT INTERACTIONS AND THE INVISIBLE WIDTH OF THE Z BOSON

The interactions of the Z boson with fermions comes from their covariant derivatives. Keep-
ing only the neutral electroweak gauge fields (i.e., neglecting gluons and the W±), the covariant
derivative is

Dµ = ∂µ + igT 3W 3
µ + ig′YLBµ (1)

for left-handed fermions, and
Dµ = ∂µ + ig′YRBµ (2)

for right-handed fermions. Note the following:

• The SU(2)L generator for W 3
µ is T 3 = 1

2
σ3 = diag(+1

2
,−1

2
). Note that all the fields are

eigenvalues of T 3: uL and νL have T 3 = +1
2
, while dL and eL have T 3 = −1

2
.

• We attach the subscript YL,R to the hypercharges Y for future convenience. For example,
for the u quark YL = 1

6
and YR = 2

3
, for the electron YL = −1

2
and YR = −1, etc.

The neutral current (NC) interaction is then

LNC =
∑

fermions ψ

ψ̄γµ
( (
gT 3W 3

µ + g′YLBµ

)
PL + (g′YRBµ)PR

)
ψ (3)

(a) Verify that T 3 + YL = YR = Q, where Q is electric charge, for each type of field: u, d, e, and
ν.1

(b) Expressing W 3
µ and Bµ in terms of Zµ and Aµ, show that the neutral current interaction is

LNC =
∑

fermions ψ

ψ̄γµ
( g

cW

(
T 3PL −Qs2W

)
Zµ + eQAµ

)
ψ . (4)

(c) Next, we will consider decays Z → ψψ̄. Let’s start with the following interaction in a slightly
different form from Eq. (4) and consider a generic Lagrangian:

L = ψ̄γµ(gLPL + gRPR)ψZµ . (5)

Neglecting the fermion mass ψ, show that the summed squared matrix element is∑
spins

|M|2 = 2(g2L + g2R)m2
Z (6)

1 For the neutrino ν, it is only important to note that T 3 + YL = 0 since there is no νR field in the minimal Standard
Model where neutrinos are massless.
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where the sum goes over all fermion spins and Z polarizations. Don’t forget that summing over
polarizations yields

3∑
i=1

ε(i)µ (k)ε(i)ν (k)∗ = −ηµν +
kµkν
m2
Z

(7)

(d) Following from part (c), show that the partial width for Z → ψψ̄ is

Γ(Z → ψψ̄) =
mZ

24π
(g2L + g2R) . (8)

It is probably helpful to recall that the formula for partial width is

Γ(Z → ψψ̄) =
1

2mZ

∫
d3p1
(2π)3

1

2E1

∫
d3p2
(2π)3

1

2E2

(2π)4δ4(k − p1 − p2)
1

3

∑
spins

|M|2 , (9)

where the k = (mZ , 0, 0, 0) is the initial Z momentum at rest, p1,2 are the outgoing ψ, ψ̄ momenta,
and the factor of 1

3
comes from averaging over the initial three Z polarizations. The integral over

the 2-body final state phase space is not difficult if you have done it before. The result of that
6-dimensional integral is∫

d3p1
(2π)3

1

2E1

∫
d3p2
(2π)3

1

2E2

(2π)4δ4(k − p1 − p2) =
1

8π
(10)

assuming the fermions are massless and that the matrix element is rotationally invariant (which is
the case in the Z rest frame after averaging over polarizations).

(e) Next, we’re going to plug in some actual numbers to evaluate the total Z width ΓZ . First, from
Eq. (4), we have

gL =
g

cW
(T 3 −Qs2W ) , gR = − g

cW
Qs2W . (11)

Determine numerical values for g, sW , cW from the known measured quantities

αem = 1/137 , mW = 80.4 GeV , mZ = 91.2 GeV . (12)

Next, compute the the total Z width

ΓZ =
∑
ψ

Γ(Z → ψψ̄) (13)

by summing over all possible fermions in the final state. The observed value is ΓZ = 2.4952 ±
0.0023 GeV. How does your value compare? (Hint: Don’t forget about color for quarks.)

(f) The invisible branching fraction of the Z is observed to be 20.000 ± 0.055%. In the Standard
Model, invisible Z decays come from decays to the three neutrinos, since these are not observed in
most particle detectors. It is customary to rephrase this as a constraint on the number of neutrinos
as measured through Z decays:

Nν =
Γ(Z → inv)

Γ1ν
Z

(14)



3

where Γ(Z → inv) = 0.4990±0.0014 GeV is the experimentally measured invisible partial width
for the Z boson, and Γ1ν

Z is your theoretical calculation for Z to decay into one neutrino. How
many neutrinos Nν are there?

Lee and Weinberg (1977) suggested that an additional heavy neutrino could be a reasonable dark
matter candidate for masses mν > 2 GeV. Thus, you see that the Z boson excludes this possibility
unless mν > mZ/2.


